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Abstract

We consider the problem of scheduling tasks with unpreblietaervice times on distinct processing nodes so as to
meet a real-time deadline, given that all communication ragneodes entails some (possibly large) overhead. This work
is motivated by our effort to build a distributed renderingtem that uses a cluster of commodity workstations to ingro
the performance of multimedia applications that requied-tiene 3D rendering. In this context, the tasks corresporgets
of scene objects that must be rendered to create a singleimlaide the deadline corresponds to the fixed amount of time
available to render each frame. The abstract problem theesmonds to the problem of intra-frame scheduling, thatas/
to maximize the likelihood that all rendering tasks will lpleted on time for the current frame.

In this work, we assume the existence of an inter-frame lm#ldncing agent; that is, we assume that the overall work is
periodically partitioned into a number of tasks with simiéapected rendering times. Despite this longer-term |@darzing,
however, load imbalances during a particular frame carbst#ignificant: it's difficult to accurately estimate ta'stendering
times and repartitioning is too expensive to be performeevery frame. Thus, while the initial assignment of taskihat
beginning of a frame may have equal expected processing timesystem must recover from imbalances discoveredglurin
the processing of each frame.

We consider two distinct classes of scheduling polici&atic in which task reassignments can only occur at specific
times, anddynamic in which reassignments are triggered by some node goieg br both classes, we further examine
global reassignment, in which all nodes are rescheduled at a mhsiadig moment, andbcal reassignment, in which only a
subset of the nodes engage in rescheduling at any one time.

We show that, over a range of parameterizations appropigatdusters of commodity workstations, global dynamic
policies work best. We introduce a new policy, Dynamic witta8owing, that places each of a small number of tasks in the
schedules of multiple nodes to reduce the amount of commatioitrequired for load-balancing. This policy dominatis a
other alternatives considered over most of the parameteesp

This work was supported in part by the National Science Fatiod (Grants CCR-9704503 and CCR-9200832), MicrosoftpGation, and Intel
Corporation.



1 Introduction

The work in this paper is motivated by our effort to build

a system that uses a cluster of workstations to improve the
performance of multimedia applications that require real-
time 3D rendering. In our prototype system, a VRML viewer
[28], which allows interactive manipulation of 3D scenes
down-loaded over the World Wide Web, is the canonical
application. In this context, improving performance means
extending the complexity of the scenes that can be rendered
at a sufficiently fast as well as consistent frame rate. Our
goal is to achieve this performance gain through the use of
distributed rendering on a cluster of commodity worksta-
tions connected by a commodity local area network (LAN).

There are a number of issues that must be confronted in
building such a system. For example, a fundamental prob-
lem is how to partition the work. As in all parallel systems,
work partitioning affects load balance and communication,
and therefore is key to performance. Additionally, our sys-
tem makes use of both the CPU and the graphics accelerator
hardware on each workstation, and so each node is itself a
kind of parallel system.

While these (and other) issues are crucial in building the
prototype, in this paper, we restrict our attention to formu

lating a model for and proposing solutions to a scheduling
problem that is applicable when the following conditions
hold:

e The application can be decomposed into multiple, in-
dependent tasks.

In our application, a task can correspond to the ren-
dering of a portion of the final 2D image (a spatial
decomposition) or of a specific set of scene objects (a
data decomposition).

e The tasks are executed on multiple processors con-
nected via a broadcast LAN.

Our prototype system consists of five 180 MHz SGil
02 workstations connected via a dedicated 100 Mb/s
switched Ethernet.

e The goal of the scheduling policy is to maximize the
probability that all tasks are completed before a real-
time deadline expires.

In our application, the deadline corresponds to the
frame time, the inverse of the frame rate. Although
our system is not a “hard” real-time system, i.e., it
is acceptable to miss a small number of deadlines,
maintaining a constant frame rate is an important con-
cern. Users are often willing to trade (some) perfor-
mance for lower variance [18]. Smooth motion re-

real-time period of at most 100 ms. At the current TV
rate of 30 fps, the period is reduced to 33 ms.

All tasks are available at the beginning of the compu-
tation.

In our application, the set of objects in the scene is
assumed to be static. Only the viewpoint used to ren-
der the objects changes from frame to frame (e.g., in
fly-throughs of some structure). Each frame begins
with the broadcast of the new viewpoint to be used in
rendering that frame, but (essentially) no other infor-
mation needs to be exchanged.

The tasks have unpredictable execution time require-
ments.

This is reasonable in our environment because the
work required to render a single object can change
dramatically from frame to frame. In particular, if an
object is completely out of view in a frame, it can be
culled very quickly. However, a small change in the
viewpoint in the next frame can bring it (partially)
into view, greatly increasing the amount of work re-
quired to deal with it.

The tasks have statistically identical execution time
requirements.

The single class assumption is reasonable in our ap-
plication because a higher level component of the
scheduler, not addressed here, uses information about
object rendering times obtained over a sequence of
frames to occasionally regroup scene objects into
roughly equal sized tasks. (Examples of such schemes
have been described in [5, 17].)

The cost of communicating for the purposes of schedul-
ing is relatively large, on the order of a few percent
of the deadline time.

Because we assume the application communicates
over a commodity LAN, scheduling overhead includes
the latency and computational costs associated with
messages sent over such a network. Viewed as a frac-
tion of the frame time, the fixed overhead of sending
a message can be quite high.

The CPU is a scarce resource.

On commodity workstations, rendering typically uses
both the CPU and the graphics hardware accelerator:
the CPU is responsible for the geometric transforma-
tion phase while texturing and rasterization is done
on the graphics hardware. With such an architecture,
the CPU is often the system bottleneck.

quires at least 10 frames per second (fps), implying a The specific question we address is how best in this envi-
ronment to make decisions about which tasks to execute on



each processor. If assigning a task to a processor requiredering [3], we are as concerned with minimizing the inter-
transmitting the scene objects in that task to that procgsso frame variance as we are with maximizing the mean frame
it is very unlikely that the deadline could be met. Thus, rate. Thus, in this paper, we address the problem of schedul-
some aspect of the system design must address this probing to maximize the probability of meeting a real-time dead-
lem. line as opposed to structuring the parallel rendering syste

One approach is to partition the scene data statically amond® Maximize the mean frame rate. Our work is perhaps clos-

the processors, and to assign to each processor only thosgSt in SPirit to that of Shekhar et al. [24]. While Shekhar

tasks for which all data is available locally. When scene de- etal. con3|de_r Some _S|m|Iar poll_C|es, how_ever, they are not
scriptions are very large, this is the only available apphoa concerned with meeting a real-time deadline.

However, this approach is probably too inflexible to support Our work also differs in a number of respects from the es-
real-time rendering, because of its inability to deal with t  tablished literature on real-time scheduling. For oneghin
load imbalances that result from the changing viewpoints in contrast to the classical work on schedulability (e 33, [
from which successive frames are rendered. 23, 8, 25]) as well as scheduling of fault-tolerance real-

In the work presented here, we assume instead that the scerféne s_ystems (e.g., [10, 2, 19]), there is a single deadline
description has been replicated before rendering beghnes. T PY Which all of our tasks must be completed, rather than a

replication can be full or partial. Under full replicatiezgch ~ d€@dline per task. Additionally, we do not make any as-

processor has a complete copy of the scene description. UnSUMPtion about the maximum service time of individual

der partial replication, the processors are partitioned in tasks (other than thgt it i_S shprtertha_n th_e frame time), a_nd
fixed subsets. Processors in a common subset store an ider‘}i-_O not use task service time information in any of our poli-
tical portion of the scene description. cies.

Our work is related to efforts in loop scheduling for paral-
tlel processors (e.g., [22, 7, 26, 14, 16, 20, 29]) in that the
only task IDs. Thus, scheduling decisions can be made an asic problem a loop scheduling discipline must solve is
communicated at the cost of sending and receiving small_how to balance the_performance loss due to Processors go-
messages. In our prototype system, this overhead is on thd"d idle when there is work left to be done against the over-

order of a few percent of the frame time, the magnitudes we "€2d 0f finding that work. Our environment differs from
address in this paper. loop scheduling, however, as our overheads are consider-

o o .. ably larger. These higher overheads place more emphasis
While it may appear that replicating the scene description op, reducing the number of scheduling operations performed
limits the size of the scenes that can be rendered, in practompared to the environment in which loop scheduling is
tice, this is not a problem. Rendering is a CPU/graphics yagitionally employed. Additionally, because we are deal
accelerator and memory bandwidth bound problem. Thus,ing with a broadcast communication medium, we have the
scene descriptions that stress the main memory capadities Gytential to amortize a single rescheduling overhead by-com
current workstations are almost certainly too complicated municating a new schedule to multiple processors, an op-
to be rendered in real-time, even on multiple Processors. portunity all of our suggested policies exploit. Lastly, we
This is becoming increasingly true as scene description lan gyq1uate the policies based on the probability that a dead-
guages, like VRML, allow for very compact representations jine is met, rather than on the average time to complete all
of scenes containing an enormous number of object facesine work.

For example, the description of a test scetiat can only _ . _ - .

be rendered at about 1 fps on an SGI 02, a machine Opti_FmaIIy, our Wor_k is alsp rglated in spirit to earlier result
mized for graphics performance, requires less than 4 MB of O1 10ad balancing in distributed systems (e.g., [15, 30, 4,
main memory storage. Thus, full replication is not unrealis -1+ 61). especially those that dealt with real-time taskg.(e
tic for a large spectrum of applications. Additionally, afl [12, 1]). However, the former had as a goal minimizing re-

the policies we examine accommodate partial replication,Sponse time, rather than mee“”g real-_time deadlinesewh?l
although at some performance degradation relative to fu”the latter addressed workloads in which each task had its

own deadline, rather than our situation in which there is a

Given thatthe scene description is replicated, assigaiskst
to processors is relatively efficient, as we need to transmi

replication. . ) -
single deadline for the ensemble of tasks. Additionally, we
deal with a system containing a fixed number of tasks, rather
1.1 Reated Work than one subject to a stream of arrivals.

Although our work is motivated by the parallel rendering
problem, unlike much of the previous work on parallel ren-

http:/Amww.ocnus.com/models/Misc/aztec-city.wrl.gz



1.2 Paper Structure plication level work is required to compose a reply, and to
send the reply message.) The local processor is available to

In the next section, we present the abstract model we usegperform useful work, if there is any available, during thg la

to examine how to schedule systems like the one describedime L, but not during the computational overhe@d

above. Section 3 quantifies the importance of minimizing We evaluate a policy by computing the probability that all

schedulmg. overhead in our enV|.ronment, anq contrasts OUT\ p tasks are completed by the deadline when the policy is
problem with response time driven scheduling problems.

. : . . . employed. However, because individual task times are ex-
Section 4 provides an overview of the policies we consider,

hile Section 5 thei ¢ Section 6 ponential random variables, it is possible that a specitic se
while Section > compares their pertormance. Section & Con-¢ 14ck times exceeds the processing power available, and so
cludes the paper.

cannot be scheduled by any discipline. To factor out these
impossible task sets, we normalize our results by dividing
. by the probability that a randomly chosen sef\aP expo-
2 Model Overview n)(;ntialptasks WO):Hd complete onya system V\R}"procpes-

sors, a single shared queue, and zero scheduling overhead.
Our model is quite simple. There afe processors, each We denote the normalized probabilities BySuccess], and
with a queue of tasks. There is an averagéVofasks per  use them as the performance metric for comparison through-
processor in the system, 8f P tasks in all. The goalisto  out the paper. (Recall that in our application domain, it is
complete theV P tasks within a frame time, which is taken acceptable to miss a small number of deadlines, i.e., we do
to be the unit of time in the model. not insist thatP[Success] equals 1.)

For the reasons mentioned in Section 1, we assume that task

times are random variables. More specifically, we assume ...
that task execution times are exponentially distributed. A3 1Nhe Importance of Minimizing
major advantage of the exponential over other potential dis Over head

tributions is that it allows us to find an optimal schedule for
the static policy we propose. Additionally, it is the max-
imum entropy distribution [9], and so is motivated by the
absence of information available at this time on actual task
time distributions (which is highly data dependent in any
case).

It is important to appreciate that the appropriate balamee b
tween scheduling overhead and processor idleness is much
different in character when scheduling to meet a deadline
than it is when scheduling to minimize response time. For
example, a discipline that imposes an overhead of exactly
One drawback of the exponential is that we cannot SpeCifyg% on each of the? processors would increase the aver-
the variance of the workload independent|y of the number age time to Comp|ete all the tasks by 0n|y 39%. On the other
of tasks; lower variance implies more tasks, and vice versa.hang, it might reduce the probability of meeting the dead-

However, this drawback is outweighed by the advantagesjine by over 20%, or might have essentially no effect at all.

the exponential brings. To emphasize the influence of overhead on the probability

We denote the mean task service timellfy. When speci-  of meeting a deadline, we present here some measurements
fying a model, though, we typically give the mean computa- of the ideal P-processor, single queue, zero overhead sys-
tional load per processor, denotedyAs the unitoftime  tem. Figure 1a shows the distribution of the times at which
in our model is the frame time, the mean task service time g 8-processor ideal system that has an average of 8 tasks
and the load are related By = p/N. per processor completes all of its work for various values
The final parameters of our model reflect the overhead ofof system load. (Note that while one might have guessed
communication. We break this into two parts, the computa- that the mean time to complete at loagvould bep in this

tional requirement(, and the “lag”,L. The former is the ~ system — since the frame time is the unit of time, and since
CPU time consumed on a single processor by the commu-there is no scheduling overhead — it's actuay-22 p,
nication. The latter reflects the additional delay (beydredt Where Hp is the Pth harmonic number. This reflects the
costC) for a processor that has gone idle to receive new influence of the lasf> tasks to go into service, and the re-
work. Thus,L is defined to be the total elapsed time be- duced service rate of the system as each completes.)

tween a processor sending a message and its receiving ghe influence of overhead on the probability of meeting
reply, minus that processor's computational adsf{In ad-  the deadline is shown more directly in Figure 1b, which
dition to the “on the wire” latency of the LAN, the lall s derived from the data in Figure 1a. Here we graph the
includes the time required by the system receiving the mes-fraction of the task sets that would complete by the dead-
sage to field the interrupt, to pass the message through th@ine on the ideal system but would fail to complete if the
protocol stack to the application, to perform whatever ap- deadline were reduced by the amount given on the X-axis.



(a) Lifetime Distribution (b) Probability Loss as a Function of Overhead
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Figure 1:Properties of the Ideal 8-Processor, Single Queue, Zeral@as System.
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That is, if p; ;[Success] denotes the fraction of task sets task reassignments amdhich processor involve in each
at load! that would complete with a deadline af— ¢, reassignment.

then in Figure 1b, each line plots the functigiiz) =  There are two approaches to deciding when to reassign,
po,i[Success]—p, 1[Success]

oo [Sucsi] . Thus, at load, a policy thatim-  \yhich we callstaticanddynamic The distinguishing char-
poses an average overhead per processeradn at best  acteristic of static policies is that all task reassignra¢aite
achieve aP[Success] < 1 — fi(z), even if the overhead place at specific, pre-computed times during the frame. In
were spread evenly over all processors and no processotontrast, under dynamic policies, reassignments occunwhe
were ever left idle while there were unstarted tasks in the the system enters a specific state. For all our dynamic poli-
system. Based on Figure 1b, we expect all (reasonable)ies, reassignments are triggered by some single processor
policies to behave similarly at low loads. As the load in- going idle.

creases, however, policies that emphasize low overhead, PO}t should not be immediately evident which class of policy

sibly at the expense of somewhat worse load balancing Prob;g preferable. Dynamic policies have the advantage that re-
erties, should gain the upper hand. |

assignments occur only when it is guaranteed that without
them at least one processor would sit idle. However, be-
. .. cause reassignments are expensive, only a limited number
4 Overview of Policies of them can be tolerated in one frame time. It is much sim-
pler to limit the total number of reassignments performed
All of our policies begin the frame time with an initial sched  when using a static schedule than a dynamic one, and to en-
ule that partitions the tasks equally among the processorssure that they are concentrated during a time interval where
This is the “best guess” initial policy, since the tasks are they will do the most good. Additionally, there is a practi-
assumed to have statistically identical execution times. cal consideration of some importance that gives an advan-

To help meet the deadline, a policy may reassign tasks fromtage to st_atic schedules. .In part.icular, because they sched
one processor to another as the frame progresses. WheH/€ reassignments at particular times, the lag component of
such reassignments take place, the policy must specify howFommunication ) can be overlapped with useful compu-
many of the remaining tasks to assign to each processor infation: & brief timer-based interrupt triggers the reassig
volved in the reassignment. All our policies rebalance the MeNt communication, but processors can continue working
tasks each time a reassignment takes place. By balancin@" @ny tasks remaining to them during communication lag.
the workload at each rescheduling moment, we hope to re-! Nis overlap is not possible under dynamic schemes (or at
duce the total number of rescheduling operations required.|€astis very difficult to realize since it would require thig a
Additionally, there is little motivation to consider schesn  Plication code to guess at zero cost when it was a lag period
that move fewer tasks than must be moved to rebalance, be{fom being done with its final task). Thus, the overhead of
cause we must transmit only task IDs to communicate the€assignment is potentially greater for dynamic thanctati
new schedule (and so message costs increase only negligRolicies.

bly with the number of tasks) and because we are commu-There are also two approaches to deciding which processors
nicating over a broadcast medium (so that a single messageo involve in a reassignment, which we daktal andglobal.
suffices to update the schedules on multiple processors). In global policies, the loads of all processors are rebadnc
at reassignment times. In local policies, each processor

The questions that define a policy, then,atento perform



is associated with a fixed subset of other processors andare balanced across the participating processors as evenly
exchanges loads only with those processors. Global poli-as possible. Reassignments can be either global or local.

cies are possible for the rendering application only when One potential problem with Pure Dynamic Reassignment is
the scene descri_ption can be fully replicated, because aMfhe number of reassignments that occur. Figure 2a shows
task must be assignable to any processor. When only partiaj, e average number of reassignments per processor (using
replication is feasible, local policies must be used. When g ,h5| reassignment) for an eight processor system under
full replication is available, both approaches are poesibl 4165 |0ads and numbers of tasks. From the figure, it is

In this case, nelth_er appro_ach is clearly preferable to _theclear that the number of reassignments is largely inseasiti
other: global reas_S|gnment IS I|k_ely to be better at bah@m to load. This is expected, since the number of times some
the Wprkload, while local reassignment may require fewer processor goes idle under this policy is unaffected by load
reassignments per processor. (which reflects merely a change in the time scale). We see
We now present four alternative scheduling policies for our also that the number of reassignments can be quite large.

real-time environment. Itis intuitively clear that most of the reassignments théet

place under Pure Dynamic must occur when there are rela-

4.1 Static Multiple Reassignment (SMR) tiv_ely fe\{v_ tasks_left per processor. Measurements confirm
this intuition. Figure 2b shows the average number of re-

Under Static Multiple Reassignment (SMR), a predeter- assignme_nts per frame that Ieaves_ a maximum nu_mber of
mined list of reassignment times is used to trigger reassign [12SKs assigned to any processor given by the X-axis value.

ments: at each reassignment time, any unfinished tasks ar§'9ure 2¢ shows the distribution of the time between suc-

redistributed as evenly as possible over all participatirg cessive reassignments. Clearly, there is a flurry of reassig
cessors. Reassignments can be either global or local. ments that occurs towards the end of the schedule.

To fully define SMR, we must specify a static set of reas- 1€ Next two disciplines attempt to improve upon Pure Dy-
signment times. This can be done in one of two ways. In @mic Reassignment by reducing the number of reassign-
the first, there is a single list of times at which reassign- Ments that occur during this final period.

ments will take place, independently of the state of the sys-
tem at each reassignment. In the second, the precomputegf 3
time at which thekth reassignment takes place is specified

as a functlo_n_of the state of the system (i.e., the number Onynamic with Delay operates identically to Pure Dynamic
tasks remaining) at the — 1st reassignment. For example, | the average number of tasks assigned to each proces-
the statically defined time for theth reassignment might 4 ot some reassignment is two or less. At that point, a
be much Iater when the number of tasks remaining at theprocessor going idle waits a delay time that is a parame-
k — 1st reassignment is large than when only a few tasks o, of the policy before triggering a reassignment. This is
remain. The second approach is clearly more flexible (in nqyiyated by the results in Figure 2¢, which indicate that
particular, schedules of the first type are spemgl casdwof t many processors may go idle within a short time of each
second), and so has an advantage over the first. Thus, W§ner The delay time allows multiple processor idle events
consider schedules of this more general type. to be responded to with a single reassignment, thus reduc-
The technique we use to evaluate SMR allows us to com-ing communication overheads at the cost of some increase
pute static reassignment schedules that are optimal,cubje in processor idleness.

to some restrictions: we assume that we have precise infor-

mation on the average number of tasks per processor and . . .
the expected service time of each task, that the tasks are ex4'4 Dynamic with Shadowed Reassignment

Dynamicwith Delay Reassignment (DDR)

ponentially distributed, and that the reassignments amne co (DSR)
strained to take place on a discretized time scale. This tech
nique is described in the Appendix. Like Dynamic with Delay, Dynamic with Shadowed Reas-

signment operates identically to Pure Dynamic until the av-

erage number of tasks assigned to each processor at some
4.2 Pure Dynamic Reassignment (PDR) reassignment is two or lessAt that point, Dynamic with

Shadowed Reassignment creates a final schedule, i.e., one
Under Pure Dynamic Reassignment, a reassignment s trigthat will be followed without further reassignment. Thus,
gered each time-a Processor goes dle, except that -Once ne 2|n fact, both DDR and DSR are easily defined for threshold remsib
processoris aSSIQned more than one task the reass@nmen&?tasks ot’her than two. In our evaluations, though, we fathiat the best

cease. When a reassignment takes place, unfinished tasksformance is obtained when this number is two. Thus, weeptethe
policies and their results using that value.




(a) Average Number of Reassignments Under PDR (b) Average Maximum Queue Length After Reassignment (c) Distribution of Times Between Successive
Reassignments
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Figure 2:Reassignment Statistics for an 8 Processor System Under PDR
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Dynamic with Shadowed Reassignment is guaranteed to per- long task on the likelihood that other tasks will be
form no more reassignments than Dynamic with Delay, and completed by the deadline.

is likely to perform many fewer.

sThese goals can be met exactly when the number of proces-
sors is a power of two, and the number of shadowed tasks

the deadline to be missed. To reduce this probability, Dy- equals the number of processors. We first show how to con-

namic with Shadowed Reassignment places (nearly) all un-Struct such a schedule in this case, and then explain how
finished tasks in some position in the final schedule of eachVe @dapt these schedules for the general case. (Remember
processor. (We call these multiple assignmesttadowed that the unshadowed tasks are scheduled first and are not

assignmentsand the corresponding tasksadowed tasks ~ considered further.)

Note that shadowed assignments are legal because the tasks

are completely parallelizable and there is no shared memoryTheorem 1 Let the shadowing schedule for a single pro-

in the systems we consider.) Each processor then runs untiFessor be a single shadowed task. Represent the shadowing
the deadline is reached, executing tasks in the order giverschedule for @-processor system asfa x P matrix, with

by its final schedule. The frame is successful if every task the schedule for processpibeing columrp, read bottom to

is completed at least once by the deadline, and unsuccessfuPp. The shadowing schedule faP processors formed by
otherwise. composing twaP-processor shadowing scheduléd, and

M', containing distinct sets of shadowed tasks, according
to the pattern

The danger in discontinuing reassignments, of course, i
that load imbalance among the remaining tasks will cause

An important part of the Dynamic with Shadowed Reas-

signment policy is the “shadowing schedule,” that is, the p
. M M
ordering on each processor of the shadowed tasks. The MM 1)
scheme we use to create the shadowing schedule attempts
to satisfy the following properties: has properties 1-4 listed above.

1. Any task that appears first in the schedule of any pro- proof: Property 1 holds trivially because no such tasks are
cessor once the initial rebalancing has taken place isincluded in the base case schedules. The other properties
never shadowed; if these tasks fail to complete by the hold by induction. All three are true for the base case of
deadline on the processor to which they are assigneda single processor schedule. For the induction step, prop-
they certainly will not complete by appearing later in erty 2 holds because each columnidf(1/’) contains one
the schedule of some other processor. instance of each task i (M), andM and M’ contain

distinct task sets. Property 3 holds because each raw of

(M") contains one instance of each taskin(A'), andM

andM' contain distinct task sets. Finally, property 4 holds

3. All shadowed tasks appear at positioin the sched- by definition when the two task¥ andY” both come from
ule of exactly one processar,< k < P. (The un- M (M'"). ForX in M andY in M’, it holds becausé/
shadowed task on a processor is in position 0, and theprecedes\/’ the same number of times that it followig’
shadowing schedule follows.) in the2P-processor schedule.O

Figure 3 shows the shadowing schedules for 2, 4, and 8
d Processors when the number of shadowed tasks equals the
number of processors. In this (and following) figure(s), we
use integers to represent task IDs. The schedule for an in-

2. All other tasks (i.e., the shadowed tasks) are sched-
uled exactly once on every processor.

4. For each pair of shadowed tasksandY’, X appears
beforeY in the schedules of half the processors, an
afterY in the schedules of the other half. The pur-
pose of this is to minimize the impact of an unusually
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Figure 3:Shadowing Schedules on (a) 2, (b) 4, and (c) 8 Processordy €dadowed tasks are shown. The full schedule on
each processor also includes a single, unshadowed taslptbeg¢des the processor’s shadowing schedule.)
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Figure 4: (a) Intermediate Shadowing Schedule for 8 Processors wilu@my Tasks (*), and (b) Corresponding Final
Shadowing Schedule.
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Figure 5:Shadowing Schedule for 8 Processors with 3 Dummy TasksdPhee to Each Other.



dividual processor is given as a column, with the schedt
read from bottom to top.

To treat the general case, we need to allow sets of sh.
owed tasks that are smaller than the number of process:
and numbers of processors that are not powers of two.
do the former by adding dummy tasks to increase the nu
ber of shadowed tasks to equal the number of processt
An intermediate schedule is built as described above. T
dummy tasks and their shadowed assignments are then
moved to form the final schedule. Figure 4 shows the inte
mediate and final schedules for an 8-processor system v Figure 6: Dummy Task Placement Tree for an 8-Processor
3 dummy tasks, where the dummy tasks and their shadov  System.

assignments are denoted by asterisks. Of course, whe

schedule is constructed in this manner, some task(s) will

shadowed more than once at each level; this is inevital System, with dummy processors denoted by Xs and dummy
when there are less shadowed tasks than there are pro tasks by asterisks.

sors. However, properties 1, 2, and 4 above are still guar:

teed to hold.

When multiple dummy tasks must be added, the
should be placed as “far apart” as possible. This is sign
icant because the regularity of the schedules increases In this section, we compare the performance of the policies
duplication of particular tasks at each level if the dummy described in the previous section. Recall from Section 2
tasks are placed close to each other. Figure 5 shows whathat our performance metric iB[Success], the (normal-
happens when three dummy tasks are placed next to eacfzed) probability that allV P tasks are completed by the
other in an 8-processor system (instead of being spread outleadline when a particular policy is employed.

as in Figure 4). Note the concentrated shadowing of task 3\e calculateP[Success] values for the static policy (SMR)
at the tOp and _bottom of the Schedule, and the lack of Shad-using the dynamic program described in the Appendix_ Re-
owing in the middle of the schedule. sults for all other policies are obtained via simulation.

We construct a simple scheme for placing the dummy tasksEnough trials were run in all cases that the 95% confidence
when the number of processors is a power of 2. For a systeninterval for all P[Success] probabilities falls in the (abso-
with P processors, we construct a complete binary tree with lute) ranget.008. To help ensure a fair comparison among
log,(P) + 1 levels. At each internal node, the left child policies, all simulations used the same random sequence of
edge is labeled with 0 and the right with 1. Each leaf is task times to drive the trials.

labeled with the number corresponding to the binary value |n addition to the four policies from Section 4, we also con-

of the path from that leaf back to the root, with the label sider a pohcy intended to represent the |arge class of par-
of the last edge (i.e., the edge next to the root) being theajlel loop scheduling techniques that have been developed.
least significant bit. Figure 6 shows such a tree for an 8- e call this policy Idealized Loop Scheduling (ILS). We

processor system. Reading the leaves’ labels from left tojnclude ILS in our comparisons to emphasize that the real-
right then gives a permutation 0f 1,2, ..., » — 1. When  time nature of our environment and the magnitudes of the
multiple dummy tasks are to be added, tHedummy task  scheduling overheads are important to designing appropri-

is placed at the processor given by e number in this  ate policies, and that disciplines designed for a differeut
permutation < i < P—1). Figure 4 shows the placement  related, domain will not perform well.

of three dummy tasks in an 8-processor system according t
this scheme.

5 Policy Comparison

c\Nhile it is not possible to include every aspect of all the
variants of loop scheduling in ILS, we believe that ILS is
We deal with numbers of processors that are not powersgptimistic with respect to this class of disciplines beus
of two in a similar way: we insert dummy processors and in evaluating it, we have artificially set many of the schedul
dummy shadowed tasks to construct an intermediate SChed'mg overheads these p0|icie5 incur to zero. Specifica”y' un
ule. We then remove the columns corresponding to dummyder ILS, all processors begin the frame with an assignment
processors and all shadowed assignments of dummy taskgf N tasks. The remainder of the tasks are kept in a com-
to obtain the final schedule. When addlng multlple dummy mon WOfk p00| When a processor Comp|etes its ass|gned

processors, we place them in the same way that we placgyork, it obtainsz}; of the remaining work from the work
dummy tasks. Figure 7 gives an example for a 6-processor
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Figure 7:Shadowing Schedules for 6 Processors.

pooP. In our evaluation of ILS, we ignore the overhead sumes about 0.3 ms of CPU on both the sender (the one
required to maintain the work pool and any possible con- performing the original broadcast and collecting the metur
tention to access it. When a processor accesses the worknessages) and the receivers, with a lag of about 047 ms
pool, it alone is charged the cost of communication. Surprisingly, the effect of the number of receivers (and so
the number of return messages received) on these times is
L. below the threshold of what we can measure. We speculate
51 Model Parameterization that this is because multiple messages that arrive close to-
) , gether in time are dequeued and enqueued together as they
Recall from Section 2 that our model has five parameters: ,5\e through the protocol stack, and that the major expense
the number of processors, the number of tasks per pro- ot handling small messages has to do with the overhead of

cessor,V, the mean computational load per processor,  mying through the stack, but we have no way to verify this
and the communication overhead per reassignment, Wh'crbxplanation.

is comprised of two components, the computational require-

ment,C, and the lagL. Based on these measurements, we set the ratibtofL to

) ) ) o be 3 to 7 and consider a range of total communication over-
We consider systems witH ranging from 4 to 16, realistic  peaq 4 1, from 1% to 3% of the frame time. We consider
sizes for the application domain that we are most interested;q range because it covers what we expect to be the most
n. common cases for real-time rendering applications: for sys
We consider systems witN ranging from 4 to 16. (Recall tems with communication overheads like that measured on
that each task represents many scene objects.) We focus oour prototype system, this range spans frame rates from 10
systems with relatively small numbers of tasks per proces-to 30 fps; at a constant 30 fps, this range spans total (round-
sor because, typically, the partitioning of work and subse- trip) communication overheads from the 1 ms of our proto-
guent parallel execution incur overheads that grow inlgrse type system down to 333s.

with the grain of work. For example, in our prototype sys-

tem, dividing the overall scene into smaller pieces reguire

additional overhead in traversing the scene descriptioh an 5.2 Results

re-initializing the graphics hardware (setting up texsjre . _
lighting, etc.). Because of our assumption that task times Ve evaluated a_lll policies for the 27 possible sets of model
are exponential, the number of tasks per processor deterP@rameters given byP = {4,8,16}, N =

mines the coefficient of variation of the per processor work- 148,16}, and(C' + L) = {1%, 2%, 3%} for loadsp from
load. For this range oF, the coefficient of variation ranges 0-2 0 0.9. Based on these experiments, we make a num-
from 0.5 to 0.25. ber of observations, which we divide into two groups, one

. . appropriate when full replication of the scene description
We vary the system loag, from 50% to 90%. is possible (the global policies), and the other when only
Finally, we parameteriz€ and L using measurements of partial replication is available (the local policies).

the (_)verhegds eXperlenced on our prototype system. Br‘_"'?‘”' 4Unfortunately, current production operating systems isgpover-
cas_tlng a single message to all processors "J_md then waitiNgeads that are considerably larger than those achievablerimentally
until a message is received from each (using UDP) con-(e.g., [21, 27)).

3This policy is very similar to a number of loop schedulingipiels that
have been proposed for NUMA systems [14, 16, 20, 29], andeshaith
nearly all loop scheduling strategies the essential ptgpeat chunk sizes
decrease as the size of the work pool decreases.
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521 Policy Comparison Under Full Replication of reassignments that occurs near the end of the frame time
(Global Policies) under PDR in an attempt to improve performance. Figures
10a and 10b show that both policies achieve this immedi-
Figures 8 and 9 show twelve representative graphs comparate goal: the average numbers of reassignments are reduced
ing the performance of the global variants of SMR, DSR, relative to PDR (see Figure 2a). However, Figures 8 and 9
PDR, and DDR, and of ILS, for communication overheads show that DSR makes the best tradeoff between the number
of 1% and 3%, respectively. These results lead us to theof reassignments and load imbalance losses: DSR perfor-
following conclusions. mance dominates PDR and DDR in every experiment we

Over the range of? we have examined, it is possible to €xamined.

scale a real-time application of the type we consider by a Before concluding that shadowed assignment is the key char-
factor of at leastP/2 but (considerably) less thaR, even acteristic, however, we must verify that DSR does not out-
when communication overheads are large relative to the perform DDR simply because it stops reassigning work al-
deadline time. together when the average number of tasks per processor
All the scheduling disciplines we studied are able to meet falls below 2. We do this by introducing a new policy, PDR-
the deadline essentially every frame when the per processopE: that is identical to DSR except that the final schedule

load is at most 50%. Thus, problems that are at |@Jat includes only a rebalancing of unfinished tasks, and has no
times the size of those that can be computed by the deadlinéhadowed assignment. (Thus, PDR-SE is also equivalent
on a single processor should be manageabl® groces- to a PDR policy that “stops early,” i.e., when the maximum

sors. (Note that the traditional parallel measure speeslup i number of tasks assigned to any processor at a reassignment

not applicable in our environment: a single processor would 1S N0 more than two.) Figure 11a shows a representative
miss every deadline if it were asked to handle the workload 9raPh comparing DSR, DDR, and PDR-SE. Clearly, the fact
representing a 50% load dh > 2 processors.) that PDR-SE under-performs DDR while DSR outperforms

L _ it shows that shadowed assignment is key to obtaining best
On the other hand, none of the disciplines is able to meet anperformance

acceptably high fraction of the deadlines when the per pro- o

cessor load is high. As indicated by Figure 1b, high loads A rélated question is how much of the performance advan-

are plausible only if overheads can be kept low. Thus, ex- t2ge of DSR over PDR-SE is gained from the execution of

tremely efficient communication mechanisms would have Successive levels of the shadowing schedule. That is, how

to be available to consider running at high loads. deep do processors typically get into their shadowing sched
ules before the deadline expires? To answer this question,

For §yster_ns of the type and sizes we haye ex.amlned, a Yz look at the performance of DSR when the shadowing
namic policy seems preferable to the static policy. schedule has been truncated at different levels. Figure 11b
The static policy (SMR) is dominated by one or more dy- shows a representative graph, where DSReenotes the
namic policies in nearly all of our experiments. The excep- policy DSR with its shadowing schedule truncatea tiev-

tions are when there are many processors and many tasksls. Note that DSR-L1 is equivalent to PDR-SE when the
(which correspondsto low workload variance), and the com-number of shadowed tasks is equal to the number of pro-
munication overhead is large. In these situations, théabil cessors. We observe that much of DSR’s performance ad-
of the static scheme to limit the number of reassignmentsvantage derives from the execution of the 2nd level of the
while still achieving good load balance, as well as its lower shadowing schedule, which corresponds to the first shadow-
overhead per reassignment, start to show some advantageing assignment of each shadowed task. However, the next 2

As our evaluation of the static policy is optimistic with re- 0 3 levels also afford some additional performance gain.

spect to any real implementation, we conclude that dynamicThe loop scheduling policy is not competitive even under
policies are most appropriate for the prototype system weour idealized assumptions.

are building, and others like it. However, for systems in- | g pag performance similar to the other policies at small
tended to support many more processors than we have CONp N andC + L, but degrades rapidly as any one of these

sidered, and/or have communication overheads that areparameters grows. This is not surprising given that loop

larger fractions of the deadline time than we have consid- e qyling policies were designed for an environment with
ered, further effort to find a practical static policy miglet b different capabilities and cost model than ours
warranted. '

The use of shadowed assignment to efficiently reduce the
amount of communication required to complete the sched-
ule provides best performance among the dynamic policies.

Both DDR and DSR were designed to reduce the number

11
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Figure 8:Performance Results for Total Communication Overh€ad L = 1%.
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(a) Average Number of Reassignments Under DDR (b) Average Number of Reassignments Under DSR
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Figure 10: (a) Average Number of Reassignments Under Dynamic withyCrR&assignment, and (b) Average Number of
Reassignments Under Dynamic with Shadowed Reassignment.

(a) Comparison of DSR, DDR, and PDR-SE for (b) Marginal Performance Gain of Shadowing Schedule
P=8, N=8, C+L=2% for P=8, N=8, C+L=2%
1 ——— 1
N
"
0.9 A e 0.9
—_— A N
208 1 . @08
8 S~ S = DSR-L8 \ ‘\l
3 0.7 DS B, 07 {——-+ DSR-L4
o - DDR e -+ DSR-L3
06 ~PDR-SE ~DSR-L2
: 061 |+ DsRLL
0.5 T T T T T T T : 0.5 . T T T T T T !
05 055 06 065 07 075 08 085 09 05 055 06 065 07 075 08 0.85 09
Load Load
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5.2.2 Policy Comparison Under Partial Replication (L o- communication overheads, if we can find a practical

cal Policies) static policy that performs similar to the optimistic
static policy studied here.

When only partial replication of the scene description is ) ) ) )

possible, local policies must be used. Figure 12 shows a ® Consistent with results reported in Section 5.2.1, the

representative sample of performance results comparéng th static policy dominates the best dynamic policy at

local variants of our policies. In each experiment shown, very high communication overheads.

the processors have been partitioned into two equal sized

subsets; task reassignments take place only among the pro-

cessors in each subset, but not between subsets.

e Performance is still maximized by fully replicating
the scene description and rebalancing across all pro-
cessors at each reassignment: the global variant of

Based on our experiments, we conclude that all the obser- the best policy, SMR, still outperforms its local vari-
vations made about the global policy variants hold for the ant (even though the case is reversed for DSR, where
local variants as well: the local variant outperforms the global variant).

e A real-time application of the type we consider is These results reinforce our conclusion that further effort
scalable over multiple processors (although less soshould be made to find a practical static policy for sys-
than when global scheduling is employed). tems with (many) more processors or higher communica-

tion overheads than those considered in the previous sec-

e Dynamic scheduling is generally preferable to tion

static.

e Shadowed scheduling affords the best performance .
over a wide range of system parameters. 6 Conclusions

We also conclude that performance is generally maximized as well as being an important application on its own, real-
by replicating each task as widely as possible, i.e., by mak-time rendering is an essential component of an increasing
ing the size of the subsets of processors over which loady mper of multimedia applications (e.g.,
reassignments take place as large as possible. Figure 1grnmL, virtual reality, data visualization, and geograpdic
shows representative results for our best policy, DSR, on 8ixfgrmation systems). The work in this paper is motivated
processors with all natural subset sizes. We see that a sutby our effort to build a system that improves the perfor-
set size of 1, which corresponds to fixed assignment of dataance of real-time rendering through the use of multiple
and tasks to processors (with no reassignments at all) Percommodity workstations connected by a commodity LAN.
forms the worst, and a subset size of 8 (i.e., the global DSR key problem that must be confronted in building this sys-
policy) performs the best. Furthermore, performance risesiem s how to schedule the tasks associated with rendering a
monotonically as the subset size increases. frame to maximize the probability that the frame time dead-
line is met. In a cluster connected by a commaodity LAN,

53 Policy Comparison in Environmentswith this problem s especially challenging because cqmmunica-

. tion overheads can be high relative to the frame time. Thus,
Very High Overheads scheduling policies designed for this environment musk dea
effectively with large communication overheads when bal-
ancing the overhead of scheduling against the performance
loss due to processors being left idle when unfinished work
emains.

We briefly consider environments with communication over-
heads that are much larger fractions of the deadline time.
Large communication overheads can arise when the fram
rate is very high (e.g., at 72 fps, the frame time is only 13.9
ms) or when replication is not possible (so that the reassign We have proposed and evaluated a set of policies that can
ment of a task from one processor to another would requiretake advantage of the degree of data replication possible in
the transmission of that task’s description). Figure 14who the system to improve performance. We have shown how
four representative graphs comparing the performance ofto analyze static policies that reschedule at specific, pre-
global SMR, local SMR, global DSR, and local DSR for computed times, and have compared them with dynamic
a communication overhead of 10%. policies. We found that static policies are not the right
choice for the range of system parameters most appropriate
for our prototype distributed rendering system, but thayth
may hold promise in more extreme portions of the parame-
* A real-time application of the type we consider is ter space. Instead, a dynamic policy employing a new tech-
scalable over multiple processors, even at very high pjque called shadowing that assigns each of a small number

Based on these results, we conclude that:
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of tasks to multiple processors provides best performance[16] E.P. Markatos and T. J. LeBlanc. Using Processor Affiimit
regardless of the amount of data replication possible.

References

[1]

(2]

(3]

[4]

[5]

(6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

A. Bestavros. Load Profiling in Distributed Real-TimesSy
tems. Information Scienced01(1-2):1-27, Sept. 1997.

C.-l. H. Chen and V. Cherkassky. Task Reallocation farlFa
Tolerance in Multiprocessor Systems. Rroceedings of the
IEEE 1990 National Aerospace and Electronics Conference
pages 495-500, May 1990.

T. W. Crockett. An Introduction to Parallel Renderingar-
allel Computing 23(7):819-843, July 1997.

D. Eager, E. Lazowska, and J. Zahorjan. Adaptive Load
Sharing in Homogeneous Distributed SystehfEE Trans-
actions on Software Engineering2(5):662-675, May 1986.

D. A. Ellsworth. A New Algorithm for Interactive Graphsc
on MulticomputersIEEE Computer Graphics and Applica-
tions, 14(4):33-40, July 1994.

M. Harchol-Balter and A. B. Downey. Exploiting Process
Lifetime Distributions for Dynamic Load Balancing. Rro-
ceedings of the ACM SIGMETRICS Conferemges 13—
24, May 1996.

S. F. Hummel, E. Schonberg, and L. E. Flynn. Factoring: A
Method for Scheduling Parallel Loop€ommunications of
the ACM 35(8):90-101, Aug. 1992.

K. Jeffay, D. F. Stanat, and C. U. Martel. On Non-Preengti
Scheduling of Period and Sporadic Tasks. Pimceedings
of the 12th Real-Time Systems Symposipmges 129-139,
Dec. 1991.

D. D. Kouvatsos. Entropy Maximisation and Queueing Net-
work Models. Annals of Operations Research8(1-4):63—
126, Jan. 1994.

C. M. Krishna and K. G. Shin. On Scheduling Tasks with a
Quick Recovery from FailurelEEE Transactions on Com-
puters c-35(5):448-455, May 1986.

P. Krueger and M. Livny. A Comparison of Preemptive and
Non-Preemptive Load Distributing. IRroceedings of the
8th International Conference on Distributed Computing-Sys
tems pages 123-130, June 1988.

J. F. Kurose and R. Chipalkatti. Load Sharing in SoftIRea
Time Distributed Computer System&EEE Transactions on
Computersc-36(8):993-1000, Aug. 1987.

C. Liu and J. Layland. Scheduling Algorithms for Muitip
gramming in a Hard-Real-Time Environmedburnal of the
ACM, 20(1):46-61, Jan. 1973.

J. Liu and V. A. Saletore. Self-Scheduling on Distribdt
Memory Machines. Ir'Supercomputing '93ages 814-823,
Nov. 1993.

M. Livny and M. Melman. Load Balancing in Homogeneous
Broadcast Distributed Systems. Pnoceedings of the ACM
Computer Network Performance Symposiyages 47-55,
April 1982.

18

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]
(29]

(30]

Loop Scheduling on Shared-Memory MultiprocesstEEE
Transactions on Parallel and Distributed Syste®(g!):379—
400, Apr. 1994.

C. Mueller. Sort-First Rendering Architecture for Hig
Performance Graphics. Proceedings of the 1995 Sympo-
sium on Interactive 3D Graphicpages 7584, Apr. 1995.

R. S. Nickerson. Man-Computer Interaction: A Challeng
for Human Factors ResearchEEE Transactions on Man-
Machine System40:164-180, Dec. 1969.

Y. Oh and S. Son. Fault-Tolerant Real-Time Multiproces
sor Scheduling. Technical Report TR-92-09, University of
Virginia, Apr. 1992.

S. Orlando and R. Perego. Exploiting Partial Replmati
in Unbalanced Parallel Loop Scheduling on Multicomputers.
Microprocessing and Microprogramming1(8-9):645—-658,
Apr. 1996.

S. Pakin, V. Karamcheti, and A. Chien. Fast Messagef$: Ef
cient, Portable Communication for Workstation Clusters an
MPPs.IEEE Concurrency5(2):60-72, Apr. 1997.

C. Polychronopoulos and D. Kuck. Guided Self-Scheduli

A Practical Scheduling Scheme for Parallel Supercomput-
ers.|IEEE Transactions on Computes-36(12):1425-1439,
Dec. 1987.

K. Ramamritham, J. A. Stankovic, and P.-F. Shiah. Efiti
Scheduling Algorithms for Real-Time Multiprocessor Sys-
tems. |IEEE Transactions on Parallel and Distributed Sys-
tems 1(2), Apr. 1990.

S. Shekhar, S. Ravada, V. Kumar, D. Chubb, and G. Turner.
Declustering and Load-Balancing Methods for Paralle{jzin
Geographic Information SystemslEEE Transactions on
Knowledge and Data Engineeringo Appear.

C. Shen, K. Ramamritham, and J. A. Stankovic. Resource
Reclaiming in Multiprocessor Real-Time System$EEE
Transactions on Parallel and Distributed Systerdig!):382—
397, Apr. 1993.

T. H. Tzen and L. M. Ni. Trapezoid Self-Scheduling: A
Practical Scheduling Scheme for Parallel CompildiSsEE
Transactions on Parallel and Distributed Systemfl):87—
98, Jan. 1993.

T. von Eicken, A. Basu, V. Buch, and W. Vogels. U-Net:
A User-Level Network Interface for Parallel and Distribdite
Computing. InProceedings of the 15th ACM Symposium on
Operating Systems Principlgsages 40-53, Dec. 1995.

The VRML Consortium.VRML, http://www.vrml.org

Y.-M. Wang, H.-H. Wang, and R.-C. Chang. Clustered
Affinity Scheduling on Large-Scale NUMA Multiproces-
sors. Journal of Systems and Softwa®9(1):61-70, Oct.
1997.

Y.-T. Wang and R. J. T. Morris. Load Sharing in Distribdt
Systems. IEEE Transactions on Computers-34(3):204—
217, Mar. 1985.



A Computing Perfor mance Resultsfor
Static Multiple Reassignment

We describe here how we compuéSuccess] under Static Mul-
tiple Assignment. We begin with some preliminary notatitiren
describe the dynamic program that is the key to this comijoumtat

Let R, be a row vector of truncated Poisson probabilities of
length N + 1 defined by

1=y —(“,:!)k e k=0
Ruflk] = § G o-ut 1<k<n &)
0 n+1<k<N

where R,, ¢[k] denotes thesth element ofR,, ;. R, .[k] is the
probability thatk tasks remain unfinished after a service interval
of lengtht by a single server, given that the tasks are exponentially
distributed with meaﬂﬁ and that the server starts witlcustomers
total.

Now define a row vectof,, ; of length NP + 1 where thekth
element represents the probability thatasks remain unfinished
after a service interval of lengthon a system withP indepen-
dent servers that starts with a totaloftasks assigned as evenly
as possible to the queues of those servers. By definifitn,=

n mod P processors begin witm; = [£] tasks andMs =

P — M, processors begin withhs = | % | tasks. Then we have

Sn,t = (]ViL RmL,t) * (A{ks ng,t) (3)

wherex denotes vector convolution arfck V) means then-fold
convolution of vectoV” with itself.

Additionally, this discretization bounds the number ofssgn-
ments that can possibly be performed in an optimal reasgghm
schedule taD. Thus, we have

P[Success] = ED)[NP]/G(N7 P, p) (6)
whereG(N, P, p) is the normalizing probability that an idealized
single queue, P processor, zero overhead system will coenple
N P tasks by the deadline.

We are now prepared to describe the dynamic program we use to

computeP[Success] under SMR. LetQEj) be a column vector
of length NP + 1 whosekth element is the probability that a
system starting witlk tasks allocated as evenly as possibleron
processors can complete those tasks using no morg #tatically
assigned reassignments during an interval of lengtifhen we
have
(4)

osg?t}icsn’s t—s—C

QY [n] = max ( Q%”[n]) @

with the base condition

Q]

Sn,e[0] 5)
The final step is dealing with the maximization problem. We do
this by discretizing time: we assume that all reassignmekis
place at times = ke, wherek is an integer and = % for some
large integerD. This allows us to determine the value othat
maximizes the first term in Equation (4) by examiningRllpos-
sibilities.

5The symbolsV, P, 1, andC' have the same meanings in this appendix
as throughout the paper, and are the only symbols taken fierhddy of
the paper. All functions defined here depend on these valugsye do
not explicitly include them in our notation to avoid clutter
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