A P erformance Study of a New Grid Proto col and General Grid

Structures for Replicated Data

Akhil Kumar y �

, Michael Rabinovich z y

, and Rakesh K. Sinha z z

y

Graduate Scho ol of Management

Cornell Universit y

Ithaca, NY 14853

z

Department of Computer Science and Engineering

University of W ashington

Seattle, W

A 98195

Abstract

Recently there has b een considerable interest in the study of replica-control proto cols which are based

on organizing several copies of an ob ject into logical structures, such as rectangular grids. In addition to

high av ailability

, another ob jective in exploiting such structures is to improve the degree of load sharing

in a system. In this pap er, we extend the scop e of grid structures to general grids, which allow holes in

v arious p ositions of a rectangular structure and are useful to consider b ecause they often pro duce av ail-

abilities that are higher than solid grids, where every p osition must b e o ccupied by a no de. W e prop ose

an improvement to the existing grid proto col, prove its optimality

, and also compare its p erformance with

the existing proto col in terms of av ailability

. In addition, we also o�er new insights into the p erformance

of the grids, from b oth av ailability and load sharing p oints of view. Noting that the write av ailability of

square grids tends to 0 for a large numb er of no des N, we conduct an asymptotic analysis, and derive the

conditions that must b e imp osed on the dimensions of the grid for the av ailability to increase asymptot-

ically with increasing N. Algorithms for designing grids to maximize av ailability indep endently

, and also

in conjunction with a load sharing constraint are given.

Key words: Replicated Databases - Distributed systems - Quorums - Grid Proto col Av ailability -

Load sharing - Algorithms.

1 In tro duction

Data is replicated in distributed systems to improve av ailability and p erformance. In most cases, the con-

sistency of the data must b e maintained despite no de and/or communication link failures. This can b e

achieved by requiring that, in order to succee d, read and write op erations obtain p ermission from certain

sets of replicas called read and write quorums. The read and write quorums are de�ned in such a way that

any two write quorums and any pair of read and write quorums have at least one no de in common. Then, a

�

W ork was supp orted in part by NSF Grant IRI-9110880.

y

This author’s research is supp orted in part by the NSF Grant No. CCR-9200832.

z

Researc h supp orted by NSF/DARP

A under grant CCR-8907960 and NSF under grant CCR-8858799 read op eration can always identify the most recent version of the data, and write con icts are also prevented.

Quorums are also used in distributed systems for many other purp oses such as mutual exclusion ([1, 11]),

commit proto cols ([13]) and distributed consensus [9].

In addition to higher av ailability

, a second adv antage of replication is greater load sharing. If there is

only one copy of an ob ject, and all op erations go to the no de where it is stored, the no de may get overloaded

and the resp onse may deteriorate. By maintaining multiple copies, the load can b e distributed uniformly

across the v arious copies. In ma jority voting [14], the load sharing is not very go o d b ecause half the copies

must b e involv ed in a quorum. Hence , the maximum improvement in load sharing is limited to a factor of 2,

and do es not change as the numb er of copies increases. On the other hand, the solutions descr ib ed in this

pap er have b etter load sharing prop erties.

A desirable prop erty for an algorithm to have is to b e ful ly distribute d. This is b ecause in such an

algorithm, each no de plays an equal role, and the load distribution is uniform. More precisely

, in a fully

distributed solution all write quorums are of equal size, all read quorums are of equal size, and every no de is

a memb er of an equal numb er of read and write quorums. An imp ortant goal in designing such an algorithm

is to minimize the quorum size as a function of the numb er of replicas b ecause the cost of p erforming an

op eration dep ends up on quorum size. Prov ably the b est (with regards to quorum size) fully distributed

solutions have a quorum size of ( p

N ), where N is the numb er of replicas of the data item. Although

this b ound is achieved in Maekawa’s [11], Grid [2, 3], and Hier ar chic al Grid (h-grid) [7] proto cols, each of

these proto cols has some drawback. Maek awa’s proto col has the lowest constant among the three, but it

gives p o or av ailability

. On the other hand, the grid proto col p erforms b etter than Maek awa’s proto col in

terms of av ailability

, while the h-grid proto col has an identical quorum size to the grid proto col and also

gives asymptotically high write av ailability (which the grid proto col do es not). However, the higher write

av ailability in the h-grid proto col is obtained at the exp ense of read av ailability

. This means that one do es

not dominate the other. Another proto col describ e d in [12] which combines Maek awa’s proto col and ma jority

voting in a novel manner has a quorum size of p

N log N and also pro duces asymptotically high av ailability .

In the grid proto col [2, 3], N copies are logically organized into a rectangular m � n grid. A read quorum

is formed by assembling one copy from each column of the grid (also called a c olumn-c over or c-c over); a

write quorum is formed by the union of a read quorum and all copies from any one column of the grid. Grid

proto cols are promising b ecause they are fully distributed, and, moreover, have the p otential of satisfying b oth the load sharing and high av ailability requirements. In this pap er, we descr ib e a mo di�ed grid proto col

and give new results and analysis that o�er fresh insights into the av ailability and load sharing b ehavior of

grids. W e also extend the scop e of our results and analysis to gener al grids, by which we refer to arrangements

where a large numb er of copies of an ob ject are organized into a rectangular structure ; however, some of the

p ositions in the rectangle are allowed to b e empty (we call such p ositions \holes"). Such grids with holes

will b e referred to as hol l ow as opp osed to sol id grids which have copies in al l p ositions.

Consequently

, this pap er discusses several issues p ertaining to b oth sol id and hol l ow grids. First, we

mo dify the grid proto col describ e d in [2, 3] slightly to improve its av ailability prop erties, and also derive the

expressions for read and write av ailability in the case of a gener al grid. This exercise is interesting b ecause,

as we show in Section 4, often the av ailability resulting from organizing N copies into an m � n grid (where

mn = N ) can b e improved by placing the N copies in an m

0

� n

0

grid (where m

0

n

0

> N ) and leaving some

grid p ositions empty (i.e., �lling them with holes). Of course, p ermitting holes in a grid diminishes the fully

distributed nature of the grid proto col b ecause it means that some no des play a larger role than others. W e

resolve this issue by p ermitting at most one hole in any column of the grid and so the algorithm remains

\almost fully distributed". Therefore, for large N , the load is distributed among the no des almost as evenly

as in a fully distributed solution, and yet there is more exibility in construc ting the grid. In fact, for many

v alues of N (e.g., when N is prime), no sensible ful ly distributed solution exists anyway .

The second issue we address is that of av ailability . W e examine it from b oth the theoretical and empirical

p oints of view. As shown in [7], the write av ailability for square grids go es asymptotically to 0; however, the

question we p ose is: If rectangular, non-square grids are p ermitted, then, would the asymptotic av ailability

go to 1? What must the dimensions of the grid b e for this to happ en? W e �nd that for this to happ en, the

dimensions of the grid must b e close to log N � N = log N , and this pro duces quorum sizes that are almost

linear in N , thereby defeating the main strength of grids. Interest ingly enough, empirical calculations show

that this asymptotic b ehavior of grids comes into play only for very lar ge v alues of N . It was found that

for N � 23000, grid dimensions, p

N � p

N and the probability p of a no de b eing up 0.99, the av ailability

do es increase towards 1, and b egins to decline only for v alues of N larger than 23000. This means that, in

spite of the negative asymptotic result mentioned ab ove, rectangular grids are still very promising b oth from

av ailability and load sharing p oints of view in most practical situations. W e also studied the relationship

b etween av ailability and N for v arious v alues of p, the probability that a no de is up.

Another imp ortant issue addresse d here is that of grid design sub ject to av ailability and load sharing

constraints. Given a desired degree of load sharing and a minim um av ailability threshold, what is the smallest

numb er of copies N required to satisfy these requirements? Moreover, how should these copies b e arranged

in an m � n grid? An algorithm is prop osed to enable a designer to solve this problem and meet the twin

ob jectives of load sharing and av ailability in an optimal manner.

This pap er is organized as follo ws. Section 2 gives our notation and terminology

. Section 3 describ es a

general grid and derives expressions for computing read and write av ailability of such a grid. In this section,

a mo di�ed grid proto col and a pro of of its optimality are also given. In section 4, we compare the existing

and our mo di�ed grid proto cols in terms of av ailability

. Section 5 gives an algorithm for constructing a grid

with the maximal av ailability given N copies of an ob ject. Section 6 analyzes av ailability of general grids in

the asymptotic case (for large N ), b oth theoretically and empirically

. Next, Section 7 turns to the issue of

designing a grid which satis�es b oth av ailability and load sharing constraints. Section 8 concludes the pap er.

2 T erminology and notation

Throughout this pap er, the terms \no de" and \site" are used, often interchangeably

, to refer to physical

network sites where the data is replicated. The term \p osition", on the other hand, refers to the placeholders

in logical grids that may or may not b e o ccupied by physical no des (Figure 1). A grid in which all p ositions

are o ccupied by physical no des is called solid. Positions not o ccupied by no des are called holes. A grid with

one or more holes is called a hol low grid.

Two grids are equiv alent if their read and write quorum sizes and av ailabilities are the same. A column

of a grid is go o d if al l its no des are up; it is alive if at le ast one of its no des is up. A column which is not

go o d is b ad.

The follo wing is standard notation in this pap er. The system contains N no des organized in an m � n

grid, where m is the numb er of rows and n, the numb er of columns. A grid may or may not contain all N

no des. As an example, a solid m � n grid in which mn < N do es not use N � mn no des. A no de is assumed to

b e op erational with probability p, and to have failed with probability q = 1 � p. Read and write av ailabilities

are denoted by RA and W

A, resp ec tively

, and represent the probabilities that the corresp onding quorums

can b e formed. Read and write quorum sizes are denoted by Q

R and Q

W

. See T able 1 for a summary of the

terminology .

Notation Description

N total numb er of no des in the system

m numb er of rows

n numb er of columns

p probability that a given no de is up

q 1 � p

RA read av ailability

W A write av ailability

Q

R size of read quorum

Q

W size of write quorum

column is g ood al l no des in the column are up

column is bad al l no des in the column are dow n

column is al iv e at least one no de in the column is up

relative read quorum size

Q

R

N umber of nodes in the g r id

relative write quorum size

Q

W

N umber of nodes in the g r id

T able 1: Summary of terminology used

Finally

, as a measure of the degree of load sharing in the system, we de�ne a r elative r e ad (write) quorum

size to b e the ratio of the read (write) quorum size to the total numb er of no des used in the grid. The

intuition b ehind this measure is as follo ws. In a solid grid containing all N no des, the relative quorum

size shows the fraction of no des participating in a single op eration and hence, if di�erent op erations cho ose

quorums randomly

, it gives the fraction of the total load carried by a single no de. If not all N no des are

included in the grid, the extra no des never participate in any op eration and should not b e taken into account

in the measure of load sharing.

3 Computing read and write a v aila bilit y for general grids

In Section 3.1, we derive formulas for read and write av ailability for a general grid, i.e., one in which some

p ositions may not b e o ccupied by no des (Figure 1 is a 3 � 4 hollow grid with 7 no des and 5 holes). In previous

works, only solid rectangular grids were considered [2, 3]. However, as we will illustrate in the section 4,

hollow grids may provide b etter av ailability than solid ones. The computations in Section 3.1 are carried for

the existing grid proto col. Then, Section 3.2 describ es the mo di�ed grid proto col, and recomputes the read

av ailability for that proto col. Finally

, in Section 3.3, we prove that the mo di�ed grid proto col is optimal in

the sense that it is non-dominated.

3.1 Av ailabilit y in Existing Proto col

Figure 1: A 3 � 4 grid with 7 no des.

Consider N no des placed in an m � n grid where mn � N . If mn > N , then the grid contains mn � N

holes. Let n

1 columns contain m

1 no des, n

2 columns contain m

2 no des, :::, n

k columns contain m

k no des,

and so on. The read and write av ailabilities of this grid are calculated as follo ws.

Prob(a column with m

i no des is alive) = 1 � q m

i

;

Prob(all columns in the grid are alive) =

(1 � q m

1

) n

1

� (1 � q m

2

) n

2

� : : : � (1 � q m

k

) n

k

;

Prob(A column with m

i no des is bad and alive) =

1� Prob(a column with m

i no des is go o d) � prob(a column with m

i no des is dead) = 1 � p m

i

� q m

i

;

Prob(all columns are bad and alive) =

(1 � p m

1

� q m

1

) n

1

� (1 � p m

2

� q m

2

) n

2

� : : : � (1 � p m

k

� q m

k

) n

k

;

W rite av ailability W

A = Prob(all columns are alive) � Prob(all columns are bad and alive) =

(1 � q m

1

) n

1

� : : : � (1 � q m

k

) n

k

�

(1 � p m

1

� q m

1

) n

1

� : : : � (1 � p m

k

� q m

k

) n

k

: (1)

Read av ailability RA = Prob(all columns are alive) =

(1 � q m

1

) n

1

� (1 � q m

2

) n

2

� : : : � (1 � q m

k

) n

k

: (2)

In the existing grid proto col, there are two tradeo�s: �rst, b etween read and write av ailabilities; and sec-

ond, b etween read quorum size (which is a measure of read p erformance) and write av ailability [2]. W rite

av ailability is b etter in a grid where the numb er of rows is much smaller than the numb er of columns, which

means the grid should contain large numb er of short columns. However, in a grid with a large numb er of columns, the size of read quorums is also large (recall that a read quorum is formed by obtaining one no de

from each column of the grid). Hence , read p erformance in such grids su�ers. Also, having to o many short

columns makes it harder to collect one op erational no de from every column and hurts read av ailability

. These

tradeo�s make designing a grid esp ecially hard.

3.2 Av ailabilit y in Mo di�ed Proto col

W e mo di�ed the grid proto col of [2, 3] slightly by rede�ning a read quorum in the follo wing manner. A read

quorum can b e formed in one of two ways: as a set consisting of one no de from each column of the grid or

a set of all no des from any single column. It is straightforward to show that any read quorum de�ned this

way intersects with any write quorum and hence the quorum intersection rules are satis�ed. This proto col

will b e referred to as the mo di�e d grid pr oto c ol. (This mo di�cation was also suggested indep endently by

Neilsen [10]. ) This seemingly minor improvement to the proto col is signi�cant b ecause it increases the

read av ailability without changing the write av ailability

. Notice that now a grid with many short columns

provides high write av ailability and, at the same time, go o d read av ailability and p erformance since a read

op eration can assemble all no des from any one of many short columns to form a quorum. T o calculate the

read av ailability for the mo di�ed grid, note that the probability that a column is bad and alive is 1 � p m

� q m

,

where m is the numb er of no des in the column. Then, the probability that a read quorum c annot b e formed

is equal to the probability that al l columns are b ad minus the probability that all columns are b ad and alive,

which is:

(1 � p m

1

) n

1

� : : : � (1 � p m

k

) n

k

�

(1 � p m

1

� q m

1

) n

1

� : : : � (1 � p m

k

� q m

k

) n

k

Then, read av ailability RA is

1 � ((1 � p m

1

) n

1

� : : : � (1 � p m

k

) n

k

�

(1 � p m

1

� q m

1

) n

1

� : : : � (1 � p m

k

� q m

k

) n

k

) (3)

Next, we show that the set of quorums de�ned by the mo di�ed grid are optimal, i.e., they are not

dominated by any other set.

7

3.3 Optimalit y of Mo di�ed Grid Proto col

The notion of non-dominanc e was �rst intro duced in [5] to formalize the intuition b ehind optimal quorums.

Let R and W b e sets of read and write quorums. A pair of sets (R; W ) (also called a c oterie) is non-dominated

i� any set of no des G that intersect s with every write quorum from W is a sup erset of some read quorum

from R; and any set of no des E that intersects with every read quorum is a sup erset of some write quorum.

These two conditions can b e summarized mathematically as follo ws:

1. 8w 2 W; G \ w 6= ; ) 9r 2 R; G � r

2. 8r 2 R; E \ r 6= ; ) 9w 2 W; E � w

The notion of non-dominance characterize s the optimality of a coterie b ecause if a coterie C is dominated

then there exists another coterie, D , which includes all quorums from C and some additional quorums.

Then, the proto col based on D would have b etter av ailability

, and p ossibly p erformance prop erties, than the

proto col based on C .

Theorem 1. The coterie de�ned by the mo di�ed grid proto col is non-dominated.

Pro of. Consider a m � n grid with m rows (numb ered 1 thru m) and n colomns (numb ered 1 thru n).

First, we show that for any set G that is not a sup ers et of any read quorum, there is a write quorum with

which G do es not intersect. Indeed, if G is such a set, then there is a column j

0 such that all its no des

(1; j

0

); : : : ; (m; j

0

) are not in G (i.e., the column j

0 is not represe nted in G), and for any j; 1 � j � n, there

is i

j such that (i

j

; j ) 62 G (i.e., G do es not contain any f ul l column). Then, consider a set S that includes all

no des from the column j

0

, and no des (i

1

; 1); : : : ; (i

n

; n). This set is a write quorum, since it contains a full

column and a no de from each column. Y et G \ S = ;. Thus, there is no such set of no des that intersects with

every write quorum and is not a sup erse t of some read quorum. So, the �rst condition for non-dominance is

satis�ed.

Now we show that for any set E that is not a sup ers et of any write quorum, there is a read quorum

with which E do es not interesect. If E is such a set, then either there is a column numb er j

0 such that

no des (1; j

0

); : : : ; (m; j

0

) are not in E (i.e., the column j

0 is not represe nted in E ), or for any j; 1 � j � n,

there is i

j such that (i

j

; j ) 62 E (i.e., E do es not contain any full column). In the �rst case, the set of all

no des from column j

0 is a read quorum that do es not intersec t with E ; in the second case, the set of no des

f(i

1

; 1); : : : ; (i

n

; n)g is such a read quorum. In b oth cases, there is a read quorum that do es not intersect

8 grid write old read new read ol d

dim unav ail. unav ail. unav ail. new

2 x 2 5:23 � 10

�2

1:99 � 10

�2

3:70 � 10

�3

5

2 x 4 4:05 � 10

�2

3:94 � 10

�2

2:53 � 10

�4

155

2 x 6 5:86 � 10

�2

5:85 � 10

�2

1:30 � 10

�5

4489

4 x 2 1:18 � 10

�1

2:00 � 10

�4

6:88 � 10

�5

2

4 x 4 1:44 � 10

�2

4:00 � 10

�4

1:63 � 10

�5

24

4 x 6 2:25 � 10

�3

6:00 � 10

�4

2:88 � 10

�6

207

6 x 2 2:20 � 10

�1

2:00 � 10

�6

9:37 � 10

�7

2

6 x 4 4:82 � 10

�2

4:00 � 10

�6

4:11 � 10

�7

9

6 x 6 1:06 � 10

�2

6:00 � 10

�6

1:36 � 10

�7

44

T able 2: Unav ailability of the existing and mo di�ed grid proto cols with p = 0.90

grid write old read new read ol d

dim unav ail. unav ail. unav ail. new

2 x 2 1:40 � 10

�2

4:99 � 10

�3

4:81 � 10

�4

10

2 x 4 1:00 � 10

�2

9:96 � 10

�3

8:92 � 10

�6

1117

2 x 6 1:49 � 10

�2

1:49 � 10

�2

1:24 � 10

�7

120237

4 x 2 3:44 � 10

�2

1:25 � 10

�5

2:32 � 10

�6

5

4 x 4 1:21 � 10

�3

2:50 � 10

�5

1:60 � 10

�7

156

4 x 6 7:82 � 10

�5

3:75 � 10

�5

8:23 � 10

�9

4553

6 x 2 7:02 � 10

�2

3:12 � 10

�8

8:28 � 10

�9

3

6 x 4 4:92 � 10

�3

6:25 � 10

�8

1:16 � 10

�9

53

6 x 6 3:46 � 10

�4

9:38 � 10

�8

1:22 � 10

10

766

T able 3: Unav ailability of the existing and mo di�ed grid proto cols with p = 0.95

with E . Thus, there is no such set of no des that intersect s with every read quorum and is not a sup erset of

some write quorum, and the second condition for non-dominance is met. 2

The describ ed re�nement of grid proto col can also b e extended easily to the h-grid and hierarchical

quorum consensus-2 (HQC2) [6, 7] proto cols. The details are omitted here b ecause the fo cus of the present

work is on grids exclusively .

4 The existing vs. mo di�ed grid proto cols

In this section, we give a comparison b etween the existing (ol d) grid proto col [2, 3] and our mo di�ed (new )

proto col describ ed ab ove. F or purp oses of this comparison, we consider grids of the same dimensions that were

considered in [3], and recompute the read av ailability for di�erent v alues of p. Note that the write av ailability

remains the same in b oth proto cols. The results are shown in T ables 2, 3 and 4, which corresp ond to p=0.9,

0.95 and 0.99, resp e ctively

. As in [3], for ease of understanding, all av ailabilities in the tables are expressed

as unavailabilities (de�ned as 1 - av ailability). Each table gives the grid dimensions, write unav ailability

9 grid write old read new read ol d

dim unav ail. unav ail. unav ail. new

2 x 2 5:92 � 10

�4

2:00 � 10

�4

3:97 � 10

�6

50

2 x 4 4:00 � 10

�4

4:00 � 10

�4

3:13 � 10

�9

127835

2 x 6 6:00 � 10

�4

6:00 � 10

�4

1:85 � 10

�12

324404608

4 x 2 1:55 � 10

�3

2:00 � 10

�8

7:88 � 10

�10

25

4 x 4 2:45 � 10

�6

4:00 � 10

�8

2:45 � 10

�12

16344

4 x 6 6:37 � 10

�8

6:00 � 10

�8

5:66 � 10

�15

10596700

6 x 2 3:42 � 10

�3

2:00 � 10

�12

1:17 � 10

�13

17

6 x 4 1:17 � 10

�5

4:00 � 10

�12

7:77 � 10

�16

5146

6 x 6 4:02 � 10

�8

6:00 � 10

�12

0.00 |

T able 4: Unav ailability of the existing and mo di�ed grid proto cols with p = 0.99

(same for ol d and new proto col), read unav ailability of old proto col, read unav ailability of new proto col,

and improvement ratio of read unav ailability

. The improvement ratio shown in the last column is computed

as r ead unav ailability in old pr otocol

r ead unav ailability in new pr otocol

, and is an indicator of the improvement that results from using the new

proto col.

Several conclusions may b e drawn from these results. First, in all cases the read unav ailability of the new

proto col is several times lower than in the old proto col. In fact, in many cases the di�erence is of several

orders of magnitude. Secondly

, the gap or relative di�erence b etween the two proto cols as indicated by the

improvement ratio increases for larger v alues of p. Thirdly

, for all v alues of p, the relative improvement

dep ends considerably on the grid dimensions, m and n. It is maximum when the numb er of rows (m) is

small and numb er of columns (n) is large. This makes intuitive sense b ecause the new proto col makes it is

easy to form a read quorum from all no des in any one column (since m is small, i.e. each column is short).

On the other hand, this is also the case where it is the hardest to form a read quorum in the old proto col

by a column-cover since the numb er of columns is large and each column is short.

F ourthly

, another imp ortant p oint that should b e noted is that the mo di�ed proto col considerably lessens

the tradeo�s b etween read and write av ailabilities mentioned in section 3. This means that the same im-

provement in write av ailability now results from a much smaller sacri�ce in read av ailability

. In the old

proto col, b oth read and write av ailability are very sensitive to actual grid dimensions m and n for a given

total numb er of no des N . T o see this, consider for example, the 4 � 6 and 6 � 4 grids in T able 3. In the

existing proto col, the write unav ailability is two orders of magnitude lower for the 4 � 6 grid, while the read

unav ailability is three orders of magnitude lower for the 6 � 4 grid. On the other hand, for the mo di�ed

10 proto col, the two orders of magnitude decline in the write unav ailability for the 4 � 6 grid causes the read

unav ailability to increase (worsen) only by a factor of less than 5. Similar arguments apply to T ables 2 and

4 also. Hence, the new proto col, in addition to improving the read av ailability

, also makes it less sensitive

to the actual grid dimensions.

Finally

, given certain read and write av ailability requirements, it is p ossible to satisfy them with a grid

of much fewer no des using the new proto col as compared to the old one. Consider the case where a grid

must b e designed to the requirements that the read and write unav ailabilities must not exceed 10

�4

and

10

�5

resp ect ively

, given p = 0:95. With the existing proto col, no solid grid with fewer than 35 no des

can simultaneously satisfy b oth these requirements. On the other hand, the new proto col allows these

requirements to b e met using only 24 no des, say with a 4 � 6 grid.

5 Finding grids with the highest a v aila bilit y

This section describ es an algorithm that, given N no des, �nds the almost ful ly distribute d grid solution with

the highest av ailability

. This problem is complicated for two reasons: �rstly

, b ecause, often, hollow grids have

a higher av ailability than solid grids; and, secondly

, b ecause sometimes a higher av ailability can b e achieved

if some of the no des are not used at all. T o illustrate these p oints, consider av ailabilities of v arious grids

for N = 16 computed in T able 5. In this table, read, write and weighted av ailabilities have b een computed.

The weighted av ailability is de�ned as F�RA + (1-F)�W

A, where F is the fraction of read op erations. Here

F is assumed to b e 0.8. T able 5 shows that a solid 4 � 4 grid gives a lower write and weighted av ailability

than a 4 � 5 grid with four holes in the b ottom row. Moreover, a solid 3 � 5 grid containing only 15 no des

has higher v alues for b oth write and weighted av ailability than any solid grid containing 16 no des. These

improvements b ecome more signi�cant when viewed as decreas es in unavailability, de�ned as 1� av ailability ,

rather than increases in av ailabilit y .

Algorithm O ptimal W r iteAv ail for �nding the grid with the highest write av ailability

, given N no des,

is listed in Figure 2. Since the ob jective is to design an \almost fully distributed" proto col, our algorithm

considers only the grids containing at most one hole in any column. Moreover, since the read and write

av ailabilities are not a function of the exact lo cation of the hole in a given column, it is assumed without

loss of generality that the hole is always at the b ottom of a column. F or N no des, the algorithm considers

all rectangular grids such that: m � n and N � mn < N + n. It do es not make sense to consider grids with

11

Grid Read W rite W eighted

Con�- Av ail. Av ail Av ail

guration (80% reads)

1 � 16 solid 1 � 10

�16

0.185302 0.837060

2 � 8 solid 0.9999994 0.922746 0.984548

4 � 4 solid 0.999984 0.985629 0.997113

8 � 2 solid 0.999999989 0.675632 0.935126

16 � 1 solid 1 � 10

�16

0.185302 0.837060

3 � 5 solid

(1 no de not 0.999973 0.993575 0.998694

used)

4 � 5 with

4 holes in the 0.999972 0.994079 0.998797

b ottom row

T able 5: Av ailability of v arious grids for N = 16 and p = 0:9.

mn � N + n b ecause such a grid must have at least n holes, i.e. the b ottom row contains all holes, and so it

can b e eliminated from consideration. It can also b e shown that for any N ; m; and n such that mn < N + n

and m > n, the m � n grid with all holes in the b ottom row has lower av ailability than the n � m grid with

all holes in the b ottom row. Hence, in a search for the b est grid, one may only consider grids where m � n.

Let G

N b e the b est (i.e. the highest av ailability) grid found among the grids containing exactly N no des

and W A

N b e its write av ailability

. (In an m � n grid containing N no des, there are n � (mn � N ) columns

with m no des and mn � N columns with m � 1 no des. Then, the write av ailability of this grid can b e

calculated using expression 1 of Section 3.) Then, the algorithm returns the grid G opt

N as the one with the

higher write av ailability among G opt

N �1 and G

N

.

In considering N -no de grids, the algorithm starts with m = 1 and n = N , and then decrements n by 1

on every iteration until n = b p

N c. Hence, the numb er of grids examined to �nd G

N is O (N ). Since a grid

with N � 1 no des may have a higher av ailability than one with N no des, our algorithm must also examine

grids in which fewer than N no des are used. Therefore, the total numb er of grids examined by the algorithm

is O(N

2

). As a side result, the algorithm also gives the maximum av ailability for all grids with the numb er

of no des in the range [1; N ].

Figure 3 gives a plot of the write av ailability of the b est grid and its relative quorum size, for v arious

v alues of N up to 1000. The write av ailability is shown along the Y-axis as (� log

10

(1 � WA)) and can b e

interpreted as the numb er of 9’s after the decimal place. The dimensions of the b est grids and the write

quorum sizes are given in T able 6. Figure 3 shows that as N increases, the maximum av ailability also

12

OptimalW riteAv ail(N): (b est-av ail, b est-m, b est-n);

IF (N = 1)

RETURN (p, 1, 1);

ENDIF

m = 1; n = N;

cur-b est-m = m; cur-b est-n = n;

cur-b est-av ail = av ail(m, n, N);

WHILE (n >= m)

/* �nd next grid */

n = n - 1;

IF (m n < N)

m = m + 1;

ENDIF

IF (av ail(m, n, N) >= cur-b est-av ail)

cur-b est-av ail = av ail(m, n, N);

cur-b est-m = m; cur-b est-n = n;

ENDIF

ENDWHILE

(prev-b est-av ail, prev-b est-m, prev-b est-n) =

OptimalW riteAv ail(N-1);

IF (prev-b est-av ail > cur-b est-av ail)

RETURN (prev-max-av ail, prev-b est-m, prev-b est-n);

ELSE

RETURN (cur-b est-av ail, cur-b est-m, cur-b est-n);

ENDIF

Figure 2: The algorithm for �nding the grid with the highest write av ailability .

N 10 20 30 500 1000

Dim. 3 � 3 4 � 6 4 � 7 11 � 49 13 � 80

W rite

quorum 5 9 10 59 92

size

Rel.

write 55.6% 45% 35.7% 11.8% 9.2%

quorum

size

T able 6: Dimensions of grids with maximal write av ailability .

13

3: Maximalwrite aailabilityforagivennumb er ofno increases, whileat the same timethe relativequorumsize falls. This meansthat by increasing one satisfyb othaminimum aailability requirementaswellasaminimum loadsharingrequirementatthetime. This shouldb econtrasted withthejorityvotingalgorithmwhere the relativequorumsize nearly 0.5forallp oint tob enotedfrom T able

6isthatoftenthemaximum writeaailability isachievedbyusing all no des. F instance, in the case of 30, the b estgrid is � 7 and so two no des are not Of course, this could a�ect the degree of load sharing in a slightly adverse way

. However, as we show the di�erence in aailability can b e very signi�canIt was found that, in general, imp osing a requirement that l N no des b e used can have a negativeimpactonaailability forsome aluesofandnoimpactforother(sometimesneighb oring) ofF example,forall aluesofN inFigure3,the lossofaailability isOn the other hand, for the loss in writeaailability is large

(when a �2 grid is compared with the b est grid containing �ve no relationship b etween loss of aailability and plotted in Figure for large aailability is very close to 1, it is more useful to consider the di�erence in unavailability, de�ned 1�aailabilitrather than di�erence in aailabilit. Moreover, in view of the ab ove comment ab out swings even for consecutive alues of we decided to consider inal alues of and for each in

4: Increase ofunaailability ofalmostfullydistributeddeterminethemaximumlossof aailabilitFigure 4 depicts the maximumincrease of unaailability for range of 6 to 1000

(for 5 the di�erence in unaailability is 125%). It shows that except for vsmall the increase in unaailabiy ranges from 0% to not only do es a noticeable loss aailabilito ccur when one requires that grids use all no des, but this e�ect do es not diminish even for Finally

,wturn to consider weighted or combined aailabilitthe fraction of op erations, the combined aailability is computed as: = F RA + (1 � )�WAwhere RAandWAread and write aailabilitithat, although to compute the maximumwrite aailability

,only where m � nneeded tob econsidered, imp osing thisconditiondo es notalwaysmaximizeread aailability .

all combinations must b eT

7showsthegridsproviding theb estcomaailability for several alues of is interesting to note that the b est grid con�guration maximizes combined aailability is also theone which maximizes write aailability alone, exceptfor where

F almost1, i.e.,nearly allop erations are supp orts our assertion that the mo grid proto col pro duces a favorable change in the tradeo� b etween read and write aailability;i.e., it is nop ossible to obtain a gain in write aailability at the exp ense of a much smaller loss in read aailability with the original grid proto vior of this section we discuss the write aailability of was shown in [7] that in square grids, aailabilitgo es to 0 when N go to in�nity

Here, in Section 6.1, we study the asymp otic write aailability

for e W show that asymptotically high is p ossible for non-square grids, and c

�

4�

4�

11�

13�

:

�

4�

4�

11�

13�

= :

�

4 �

4 �

11 �

13 �

:

T able of grids with um combined aailability and arious read-write precisely the grid dimensions under which this is achievthetheoreticalguarantee of high non-squaregridsisveryuseful,theasymptotic resultfromSection6.1 issomewhatp essimisticintermsquorumsizes,i.e., thequorumsizesb ecomealmost linearinN.Therefore,inSection6.2, wealso empirically the initialb ehavior of for grids with smaller relative quorum analysis shows while such grids have asymptotically low for practical alues of p, their initially grows towards and starts to decline only for extremely large alues of (N 23000, when p = 0:Ththese can often b e useful in practice despite their low asymptotic a rectangular grid arrangement of no des into m rows and n columns where m = (n = g (mn � (the last condition says that all no des are used in the W are interested in (and g (such that increases asymptotically towards 1 in the limit where N 1Here we provthat the asymptotic alue of is 1 in a small range near n

2. In a rectangular grid arrangement of N no des

(each assumed to b e up with probability p down with probability q = � pinto m rows and n columns (mn � there are constants c

= log(1=pc

= log(1=q ), such (1) the write aailability of this grid asymptotically approaches 1 if c

n � c

the write aailability asymptotically approaches 0 if n c

n � 2c

Pro W

�rst de�ne two events

(see

Section 2 for terminology) as follo� All columns are aliv� At least one column is go o d.

from

Section 3, that the write aailability = Prob(^ theorem follows from the following

(The claims will b e proved shortly

Note: c

and c

dep end up on pF p = 0:99c

= 0:0288and c

= 6:

n �c

then Prob(1) ! n � c

thenProb(2) ! n � 2c

then

Prob(1) ! n c

then

Prob(2) ! Given these claims, the two parts of the theorem are proved separately b elo(Part W e derive a lower b ound on in the following=

Prob(1 ^ 2) = Prob(1)+

Prob(2)�Prob([

2)Prob(1 [ 2) � 1, we get � Prob(1)+

Prob(2) � If c

n � c

from

Claims 1 and 2 we conclude that b oth

Prob(1) and Prob(2) approac1, which in turn implies that approaches

(Part If n � 2c

from

Claim3 we have

Prob(1) ! Similarly if n c

from

Claim 4 we have

Prob(2) ! Since � minimum(Prob(E1),

Prob(E2)), either of these implies that approaches 0. Now we shall prove the four claims made ab ovPro (of

Claims In the intro duction of algorithm ail, it was explained that wour attention to g ener al grids with at most one hole p er column. T o keep the exp osition simple, wwill use the express ions for computing arious probabilities for solid grids, i.e., ones with no holes. It can b veri�ed that this do es not a�ect the asymptotic shown in Section 3, Prob(1) = �

)

Prob(2) = � (1 �

) the fact � X )

� X

� X

] approac

)

, we get that

Prob(1) !

)

NProb(2) ! 1 �

) np

NBelowe will prove claims 1 and pro ofs of claims 3 and 4 are similar, and are therefore

Supp n� c

alue of c

we get n

log(1=q (N =nlog(1=q � N

(1=q

log (1=q

2 log

c

log Prob(!

) !1(claim Noif n � c

substituting alue of c

we get n 2

log(1=p(N =nlog(1=p

(1=p

log (1=p

log

p

c

p

log 11�

Prob(2) !

) ! 0, which implies

Prob(2) ! In summary , we have exactly characterized the conditions under which the write aailability of a grid will asymptotically approach dimensions of the grid must b e m = �(N =

the resulting write quorum size is

which is very close to b eing linear in result stated ab ove implies that for the write aailability to asymptoticallyapproach 1, the write must b e close to N log whicis almost linear in is undesirable b ecause it pro duces quorum sizes and a low degree of load

Therefore, we studied in more detail the empirical b ehaof write aailability as a function of larger alues of m than N say for 0 < t � 0:jectivwas to �nd out how actually aries as increases. F instance, do es it drop quickly to 0 increases, or do es it fall gradually ,or is their some other b ehapurp ose was to study impact of arious alues of t and p on this b ehaFigures 5 and 6 plot the write aailability against n grids such that m = bc and n = dN =mefor several alues of t and p. The write quorum size Q

= + n � 1 = O (1�that when p = 0:and t = 0:33, Q

= O (0:67

), and continues to grow until

23000.

fact, for p = 0:99, even a square grid (t = 0:5, Q

= O (0:))

grows until = 23000 no �gures show that for su�cienlarge p, the write aailability of grids with small write quorum sizes grows with approaches 1, and b to fall only when b very large (N > This means that, in spite of the negative result from the previous subsection, rectangular grids are still very promising b oth from aailability and sharing p oints of view in most practical

5: W aailability of � n grids, for m = bc and p = 0:

Figure 6: W rite aailabilityof square grids (m = b0:c) and p = 0:

FindingGrid(rel-wr-quwr-aail-cuto� ): /* Find a grid such that its relative write quorum size do not exceed rel-wr-quorum-size-cuto�, its write aailabilitis not lower than wr-aail-cuto�, and N is as small as p ossible. N = 4; /* (No load sharing is p ossible for N < 4) DO-F/* Start with the grid that has the smallest quorum for a given N m = b p

c= d p

N eIF (mn < m = cur-wr-aail = wr-aail(m, n, WHILE ( m > 1 AND cur-wr-aail < wr-aail-cuto� /* �nd next grid n = WHILE (mn > m = ENDcur-wr-aail = wr-aail(m, n, ENDIF (cur-wr-aail >= wr-aail-cuto� rel-wr-quorum-size <= rel-wr-quorum-size-cuto� RETURN(m, N = N + Figure 7: The algorithm for �nding the grid with given degree of load sharing and aailability .

8: Relativwrite quorum size of grids with a given write aailability (p = 0:ailabili and load this section, we turn to the problem of satisfying b oth a load sharing jective and a data aailability

jective simultaneously

.The algorithm for solving this problem is given in Figure goal is to the smallest a corresp onding � n grid that satis�es b oth jectivb egins with small calculates write aailability and relative quorum size of all grids containing all no b efore, hollogrids with no more than one hole in any column are F a given the algorithm in increasing order of write quorum size and stops as so on as it �nds a grid satisfying b oth size andaailabilityrequiremenas seenin

Section5.1, grids canprovide asymptotically high aailability andlow relativequorum sizeat thesametime, thisalgorithm will always In Figure 8, the minimal relative write quorum size satisfying a cuto� write aailability is plotted

N for several cuto� shown for comparison purp oses is the relative write quorum size of the giving theestacable writeaailability fora givenN (thecuto�do esnotapply

Althoughtheasymptotic theoreticalresultsuggeststhattherelative writequorum sizewould dropat veryslow, logarithmic rate,theactualdeclineis much erforalues of used in Howevview of the discussion in section

5.2, this result is not p oint is that the spread of relativ sizes providedbygridswithdi�erent aailability requirements israther narrow. F orexample,N =500,and=0:999,the relative write quorumsize is 9.6%. On the other hand, for the same the maximum p ossible write aailability (0.99999999in this case) the relative write quorum size is 11.8%.

Clearly in this example, cho osing the maximumaailability grid pro duces a large improvement in aailability

at only a small loss in degree of load Howevthe other p oint to consider is the absolute alue quorum F

500, the maximum aailabiy grid has the dimensions 49 and a write quorum 59 no des, while the grid with 0.999 aailability has the dimensions � and a write quorum of 48 no Therefore, although the di�erence in the degree of load sharing b etween these two grids is small (only 2.2%),

di�erence in absolute quorum size is more than 20% and this will translate into a large p impact. Moreover, Figure 8 shows that a write aailabilitythreshold of0.999,and a loadsharing of11.8%,can b e achieved bya gridwith only300no Therefore, it is not a go o d idea to always select grid with the highest aailability for a given and, hence, the algorithm of this section is A very similar algorithm to the one shown here can b e prop osed to deal with the case where for weightedaailabilityandweighted relativequorum sizearestated,assuming thattheread-ratio knoonly di�erenceis that, as explained earlier, in this case all grids containing no des mb e considered

(not just grids where m � nF a given the algorithm would identify the grids aailability greater than the threshold and cho ose the grid with the smallest quorum size among would stop if this grid satis�es the quorum size requirementhe numb er of no des would b e incremented and the pro cess rep this pap er, we �rst prop osed a mo di�ed grid proto col which dominates the existing grid proto col, studied arious p erformance asp ects of b oth solid and hollow W showed that the mo di�ed proto col optimal,and also compared its p erformance with the existing proto col in terms of aailabilitmaximizing aailability in an unconstrained manner, and also for designing grids ject to b oth aailability

and load sharing constraints were givW have shown that general grids

(which allow some empty p or holes) are useful to consider b ecause often general grids pro duce a higher aailability than solid grids all p ositions must ond to no W also studied the asymptotic b ehavior of grids and showed that the write aailability to increase asymptotically

,the dimensions of a N-no de grid must b e N = log N theotherhand,anempiricalstudyshowedthattheasymptoticb ehaviorissigni�cantonlyforveryformostpracticalalues of the grid dimensions can b e 1�, where t > 0:33.It wfound that the exact alue of t dep ends up on p, the probability that any no de in the grid is ReferenceAgrawal and A. El Abbadi. An e�cient solution to the distributed mutual exclusion problem. c. of Symp. on Principles of d Computing, pp. 193-200,Y.Cheung,M.H.Ammar,and

M.Ahamad.

TheGridproto high p erformanceschememaintainingreplicateddata.

Inc.oftheIEEE6thInt.Conf.onDataering,pp.

438-445,

Y. Cheung, M. H. Ammar, and M. Ahamad. The Grid proto high p erformanceschememaintainingreplicated data.

IEEE T ans. on dge and Data

Eng.,

6(4) pp. 582-592,Decemb Gi�ord. W eighted voting for replicated data. In c. of the SeventhACM osiumon

Systems Principles,pp. 150-159,Decemb er Garcia-Molina and D. Barbara. How to assign votes in a distributed system. J. of the ACM, pp. 841-860,Octob er Kumar and K. Malik. Generalizing and optimizinghierarchical quorum consensus algorithms replicated data.GraduateScho olofManagement,CornellUniversity ,T ech.Rep ort,Octob er Kumar and S. Y. Cheung. p

aailabilityhierarchical grid algorithmfor replicated Informationessingetters

40(1991), pp.311-316Kumar, M. Rabinovich andR.

Sinha. A PerformanceStudyof a NewGrid

Proto col andGrid Structures for Replicated Data, T ech. Rep ort 93-03-02, Department of Computer Science University of W ashington, March L. Neilsen and M. Mizuno. Decentralized consensus proto cols. In c. of the 10th Int. enix on Comp. and Comm., pp. 257-262,

M.L.Neilsen.Quorumesindsystems,PhDthesis, KansasStateUniversity

,Ma[11]M.

awa. p

for mutual exclusion in decentr alized systems. ACM T ans. on Systems.

3(2), May jan, S. Setia and S. T ripathi. F ault tolerant algorithms for replicated data managemendings of 8th International e on Data ering,

IEEE, D. Skeen. A quorum-based commit proto col. In c. of the 6th Berkeley

Workshop on Distr.

Managementt and Comp.

Networks, pp. 69-80,Thomas, R. H., \A jority consensus approach to concurren cy control," ACM T ans. on 4(2), pp. 180-209,June